Advanced Mathematical Models & Applications Jomard
Vol.6, No.3, 2021, pp.266-277 Publishing

SPECTRAL ANALYSIS Of THE DISCONTINUOUS STURM-LIOUVILLE
OPERATOR WITH ALMOST-PERIODIC POTENTIALS

R.F. Efendiev*, H.D. Orudzhev, S.J. Bahlulzade

Baku Engineering University, Baku, Azerbaijan

Abstract The spectral analysis for the Schrodinger operator with complex almost periodic potentials and the
discontinuous coefficient on the axis are studied. Investigated the main characteristics of the fundamental solutions
and the spectrum of the operator is analyzed. The inverse problem is formulated, a uniqueness theorem is proved,

a constructive procedure for the solution of the inverse problem is provided.

Keywords: discontinuous equation; spectral singularities; inverse spectral problem; continuous spectrum.
AMS Subject Classification: 34A36, 34105, 47A10, 47A70.

Corresponding author: Rakib Efendiev, Baku Engineering University, Khirdalan city, Hasan Aliyev str., 120,
Baku, Azerbaijan, Tel.: +994502122834, e-mail: refendiyev@beu.edu.az

Received: 18 September 2021; Revised: 28 October 2021; Accepted: 15 November 2021;

Published: 27 December 2021.

1 Introduction

The purpose of the presented work is the spectral analysis of the differential operator L which
is generated by the expression

1 d?

+q(x)] (1)

in the space L (R), where

q(z) = gne™” (3)
n=1
and the condition
D lanl < o0 (4)
n=1

is satisfied.
The set of exponents is a countable set of positive real numbers closed to the addition

M:{Al,AQ,Ag, ..... An,y ... }, A, >0, neN. (5)



R. EFENDIEV et al.: SPECTRAL ANALYSIS Of THE DISCONTINUOUS STURM-LIOUVILLE...

Let A (M) be a Banach algebra of almost periodic functions

AM) =S f@) =D fe" o0 Ifl =D Ifdl (6)

geEM geM

We define a new class Q (M) = {q: ¢(2) =3 ,.cny €™ 3 cn |tn| Ayt < 00} of Besi-
covitch almost periodic functions such that the second primitive of (3) exists and belongs to
A(M).

Note that algebra A (M) will play an important role in our investigation and the equality
(6) will be called the basic condition.

We write a > f or a < B if Ay > Ag or Ay < Ag respectively and the symbol >, -5
means summing over all a such that A, > Ag, also we will use a @ 8 = v if Ay +Ag = A,

For the Sturm—Liouville operator with different singularities (i.e. on the half-axis having an
arbitrary number of turning points, having singularities and turning points at the end-points of
the interval) the determination of the spectral function or normalizing constants has been studied
by Freiling & Yurko (2001). These results are mainly based on Volterra operator transformation
and contour integrations.

The string equation or wave equation in layered medium was investigated by Krein (1955),
Blagoveshchensky (1969), Grinberg (1990), Mamedov (2021), Demirbilek & Mamedov (2021)
and others.

Belishev (1987) first considered (1) with ¢ (z) = 0 and solved the inverse problem of re-
constructing the p (x) of a finite-inhomogeneous string from the frequencies and energies of its
normalized characteristic vibrations in the case where p (z) can change its sign (is indefinite).

For periodic potentials (3) (i.e. A, = n) this problem was studied by Efendiev (2011)
where the main characteristics of the fundamental solutions are investigated, the spectrum of
the operator is analyzed.

The interest in the investigation of the spectral properties of the differential operators with
periodic coefficients has been increased after the study of Gasymov (1980).

In the cited paper the special solutions of the equation —y” + q(x)y = A%y were constructed
and the spectral data {s;,}n,cn were determined. It was shown that the inverse problem recon-
structing of the operator L from this sequence has a solution. Afterwards, the result of Gasymov
(1980) was extended by Gasymov & Orudzhev (1986) to almost-periodic potentials of the form
(3). The operator L generated by the finite sum in (3) was studied by Sarnak (1982) who, in
particular, showed that the spectrum L always coincides with [0, c0).

2 Properties of the Floquet solution of the equation [(y) = A%y

The existence of the Floquet solutions of the equation [(y) = A%y which will play an important
role in the investigation of the spectrum of the operator L was considered in Bahlulzadeh (2017),
where it was shown that fi° (z,\) and fi (z,\) are the solutions of the equation

—y" +q(z)y = XN2p(x)y, - is a complex parameter (7)
satisfy the following conditions

lim  fif (2, \)eT?A =1 for £TImA>0

Imx—+oo

lim  ff (z,\) e =1 for & Re\ >0,

Imz——o0

and fulfill the following theorem
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Theorem 1. Equation (7) with potential ¢ (x) € Q (M) and p(x) defined as (2) has the partic-
ular solutions of the form

+idx zAax
fi(z,\) =e <1+;;A G ) for ©>0 (8)
+ zAax
£ (@,0) = e <1+;;A G ) for x <0 (9)
here the numbers Vyq are determined from the following relations
Aa(Ma = An) Voo + Y Viggy =0 (10)
BOy=n
Got Y Vapay =0. (11)
BE&y=n
and series
ZA 1ZA ) Vi (12)
converges.

We easily see that at the points A = :FA—;, ()\ = izAT”) n € N there can be simple poles to
the function fif (z, \)(fi (z,)))

Remark 1. If A # 7" and ImX > 0, then f; (x,\) € La (0,00).
Remark 2. If A # —4= and Re) > 0, then f; (z,)\) € Ly (—00,0).

Taking into account that the potential ¢ (z) can be extended to the upper semi-plane as an
analytic function, we find

A

W (2, N), fi (2, N)] = —=2iA#0, for A#0, i% (13)
W @A), (3 0)] = —20 £ 0, for A £0, 40 (14)

2
Therefore, the functions f;" (z,\), fi (z,\) (f5 (z,)), fy (x,))) are linearly independent
solutions of the equation (7) for A # 0, £4n (£%4n).
Consequently, any solution of the equation (7) corresponding to x > 0 (z < 0) can be
represented as a linear combination of the solutions f;" (z,\), fi (x,\), (fy (z,A), f5 (z,\)).

We have
J3 (2, 0) = AE () [ (2, 0) + BE ) [ (2,0), 2> 0 (15)
fi (@ 2) = C* (N 7 (3,0 + D* (V) fy (2,4), <0

It means that the solutions (8) and (9) can be predetermined as

fli (‘T’)‘) :{ e (1+Zn IZOL nAT‘L/;:OéAGZAaw)’ x>0 (16)
CEWN fy (@ X)) +D*(N) fy (2,4), 2<0

and
f5 (x,A):{ <1+Zn 1 2o nAVf:%erlA”), <0
AE) A (@0 + BEN) T (@,2),  ©>0
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By taking into account the formulas (15) and (16) we find

W[fz (z,A),f1 (M) fOT = 514

A ) 21\

B\ =4 (\) =ic~(\) = Y= (x;}jl AL for A e S5 a7

C(\) = B (\) = iD*t (A) = WA (“’3);3 @A for Ae S

D) =B~ (\) = —iC* (A) = WIENL @A) pop 5 ¢

where S, = %’r <arg\ < (kgl)ﬂ , k=0,3
Then (16) takes the following form

2 (@A) =AW fi (@A) + C(\) fi (z,0)
fa (xA) =B fi (x,\) + D(\) f; " () (18)
1 (@,2) =iD(\) f5 (z,A) —iC ) fa (z,2)
fr (@, 2) = =iB(XN) f3" (2, 2) +iA(\) f5 (2,4)

By dividing both sides of (18) by C (A) and B (\) we obtain the solutions of the equation
(7)

US (2,0) = g i (2, 0) + f (2, )
UE@A%=D)f(7)—ﬁW%M (19)
U (2,0) = B8 (@0 —ify (2,0)
Uy (,)) =3 A Ly (2, 0) = if (2,0

According to a physical sense of the solutlons, we will call ﬁ andﬁ as a transmission

AQ) AN D) D(X)
coefficient and oy BOY Oy and B

respectively.

as a reflection coefficient from the right and left to (7)

3 The spectrum of the operator L

To study the spectrum of the operator L at first, we calculate the kernel of the resolvent of
the operator (R — NI ) First, let us prove the following theorem, from which we obtain the
existence of the resolvent operator R).

Theorem 2. The operator L has no pure real and pure imaginary eigenvalues.

Proof. The equation (7) has the fundamental solutions f;" (z,A), fi (z,A) (f3 (z,A), f3 (z, X))
on [ImA < £ (|ReA| < £) and A # 0, X\ # 42 N5 +£%n n € N. Then when \? > 0 and
Im) = 0 the solution of the equation (7) can be written in the form of

y(:c,)\) zRe)\:(: <1+ZZA +2|>\‘ zAax> +

n=1a=n

—iRe\x iAo
+Cyeifen (HZZA_QW )

n=1a=n

and when Re)l =0

(x )\) A zIm)\z <1+ZZA +27J|>\| zAaz>+

n=1a=n

~ _—iImAx ZAQ:B
+Cye <1+ZZA —2zw >

n=1a=n
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In both cases, y(x, \) ¢ La(—00,00), because the principal parts of the solutions are periodic.

So, we proved that the operator L has no pure real and pure imaginary eigenvalues.

A

Note that similar results easily can be obtained for the cases when A = 0, A\ = &5, A =

:l:ZA , neN.

We proved that, for any complex number, A outside of {ReA = 0} U {ImA = 0} there exists
one to one resolvent operator Ry = (L —\2I )_1 and using the general methods for the kernel
of the resolvent, we get

_ 1 A @A) 5 (6A), t<a
Bt =gy e ey, e AE )

Rmmu»=—.1{f1@””ﬁ““”t§§ re s, (1)

1 fr (@A), fo (tA), t<z
il t,2) = 21)\B(>\){ A, fo@), t>z NE (22)

1 f_<7 ),f+(t,/\), t<zx
Fral@t,2) = QMA(){ﬁ(,%fW%M7t>w A€ 5 (23)

where Sj, = { <arg\ < (kH) } , k=0,3.

From the formulae (20) — (23) it is easy to see that the points A =0, \ = :l:A—Z”, A= :l:iAT”,
n € N are the poles of the resolvent, therefore, they must be eigenvalues of the operator L.
According to the theorem, they don’t exist. Then According to Naimark (1967), the points
2= i(/;—”)2 are spectral singularities of the operator L. O

Lemma 1. The eigenvalues of the operator L are finite and coincide with the square of zeros of
the functions A(X\), B (X),C (X) and D (\) from the sectors Sy, k =0,1,2,3 respectively.

Proof. For the solutions, f; (0, \), f2+ (0, \) we can obtain the asymptotic equalities
D (0,0) =+ (10 Cy+0(1), for|A| =00, j=0,1, C; >0

fét(j)(O,A):i(A)j02+0(1), fOT‘A’-)OO, i=0,1, Co>0

For simplicity, we prove the first equality.

Vnoé VnOC
70N =@ +ZZ A +|2A\‘ ZZ A +’2/\||_

oo 00 |Vna| 1 Aa |Vna|
=1+ <14 —— Aa [Vnal
’;; \/(An + 2Re))? + AIm2\ [TmA| z:: z_: Ay
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Since

i( _ ’Vna| |Vna|
00 ==0 +ZZ|A O ZZ A A, — 20N

n=1a=n

= ’)\’J+ZZ |/\|J‘Vna’ +ZZ (|A |) |Vial <

it oz /(A +2ImA)? +4Re2X 1T amn \ /(A + 2]m>\) + 4Re2\

. Ao Vol |Vna|
< AP + |RMZZW A ‘RQMZZ

n=1a=n n=1a=n

2(Ao — M) [Vial

A\V\
<hra !RAIZZ . \ReA\ZZ Ap(Aa — A,) =

A |Vm| 1 o
< |)‘|j |R /\| ZZ |R€>\| ZZmAa(Aa*AnHVnOA S

=1 a=n

A Vnoz
D IDBEC OBt 35 YW INEPWIIN

n=1a=n n=1a=n

Therefore, as |A\| — oo, we obtain

FEDO,0) = £ (iIN CL+0(1), for|\ — oo, j=0,1, C1 >0
FE900,0) = £ (A Ca+0(1), for|A| = o0, j=0,1, Co>0

Then we get the coefficients defined by the formula (17) A(X),B(X),C(\),D(\) satisfies the
following asymptotic:

1
A(N) = L (1) A € IV quadrant

L4
B(\) = ;—Z +o(1) X\ € III quadrant

14
C(\) = —2’—1 +o0(1) X € Iquadrant

1

D)) = ‘Yo (1) X € II quadrant. (24)

From this, it follows that the zeros of the functions A (A), B (\),C (A) and D (\) from the sectors
Sk, k=0,1,2,3 respectively are finite. ]

Theorem 3. The continuous spectra of the operator L consists of axis ImA = 0 and the con-
tinuous spectra may have spectral singularities at the points i(%)z.

Proof. Since the resolvent exists, we can say that L is a closed operator. That’s why we will
only prove that the range of the operator L — A\%I is dense everywhere in Ly (—o0, +00) when
A2 €{Im) = 0} and doesn’t coincide with the whole space, because the operator L doesn’t have
eigenvalues.

Taking into account Remark 2, we will investigate the function

Ri1 (z,t,\) X € I quadrant
Riao(x,t,\) X € IIquadrant
Roy (z,t,\) A€ IIIquadrant
Roo (x,t,\) X € IV quadrant

R(xz,t,\) =

in the neighborhood of poles A* from {ImA = 0}. Without loss of generality, we can investigate
R (x,t,\) in the neighborhood of poles A§ from {ImA = 0}. Then the number A§ coincides with
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one of the numbers £42. From (20) — (23) it follows that Jim (A = AR (2., A) = Ro (1)
0

exists and Ry (x,t) is a bounded function with respect to all the variables.

Let 6(z) be an arbitrary finite function. Then ¢(z) = [ Ro(x,t)0(t)dt is a bounded
solution of Equation (7) for A = % Therefore ¢(z) = Cof; (, ;). Comparison of the last
relation with formulas (20) — (23) shows that if \j # 242 then Cy = 0 and so the kernel of the

An

resolvent has removable singularity at the point Aj. So there is a case A\§ = 5*,n € N where the

kernel of resolvent has poles of the first order. Since f;" (z,\}) ¢ L2 (—00,00) then \3 = (A—Q")2

is a spectral singularity of the operator L according to (Naimark,1967). (Analogously we can
show that \2 = — (%’)2 are spectral singularities of the operator L).

Suppose that there exists a function ¢ (z) € Lg (—00, +00) such that v () # 0 and

[o.¢]
| ar-apT@d=o (25)
—00
for any f (z) € D (L).

From (25) we get that ¢ (z) € D (L") and 1 (z) are eigenfunctions of the operator L*
corresponding to the eigenvalue A\. More precisely, ¢ (z) is the solution of the equation

M+ q(r)z= Mz (26)

in Ly (—o0,00). We get that ¢ (x) = 0 since the operator generated by the expression in the left
part of (26) is a L type operator. We got a contradiction. Therefore, the range of the operator
is dense everywhere on Ly (—00,00).

Suppose that 1 (z) is a finite function belonging to the range of the operator (L — )\21),
A#0, N# 8 AN +£8n 5 e N, in other words there exist y (z) € D (L) such that

It is easy to see that y(¥) — 0 when |z| — oo, s =0, 1.
Now let 7 (z,A) be the bounded solution of (26) when A €{ImA = 0}. It is followed by
theorem 1 that such a solution exists. Then the following equation is satisfied:

/OO (ly—)\y)n($,A)d$:/_oo¢(x)n(gj7)\)dx:

—00

=/Ooy[77”+q(ﬂf) 0 (2, )) - An (2, \)] dz =0

—0o0

This equation can be obtained by integrating by parts. From here we get that if

d)(x):{??(%)\) Jzf <a

0 x| >a

where a > 0 then

/_°°¢<x>n<x,x>dx—/a In (e M dz £0,

—a

in other words ¢ (z) ¢ R (L — A1)
Thus R (L — NI ) doesn’t coincide with the whole space which we needed to prove. ]
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Now taking f (z) = Vi f7 (z, F42) and (24) into account, we calculate

lim (An —2X) Ru (2,8, 4) = lim (An = 2X) gi3 fi” (2, A) %
A=

An
A=t

PN R+ 5 ) 17 (6] - (21)

= Va1 (2 5) (6 5) + i Va1 (2 50) S (8 55) =
= i, Va1 (2 5) A (8 5)

Analogously we can calculate that

. . 2 _ 1A, 1A,

)\EI}% (ATL — 22A) R12 (aj, t, )\) = mvnan < 5 2> f2 (ty 2> ) <28)
. 2 _ A, A,

/\_lgn%n (Ap +2X) Roy (2,8, ) = mvnnfl ( x,— 2) I1 <t7 —2> (29)

~.

2 Ap An
lim (A, +2iA) Roa (2,t, ) = iTVrmeJ’_ < ,—2> i <t7 —22> (30)

_iAp
A= =25

4 Eigenfunction expansions

Let L be the operator generated by (x) {—% +q (:c)} in the space Lg (—00, +00, p (2))
We proved that when I'mA > 0, ReA > 0 the kernel of the resolvent of the operator L is in

the form of
1 f1 (z, ) f2 (t, \) when t <z (31)
C2AC (N AN f (@A) when t > x

Lemma 2. Let 1/)( ) be an arbitrary twice differentiable continuous function belonging to
Ly (—00,00,p(x)). Then

/ Rzt \) ()w(t)dt:—w)ff)—s—)\lz/_ZR(x,t,)\)g(t)dt (32)

R11 (.CI}, t, )\)

where

g(x) = —¢" (x) + ¢ (2) ¥ (x) € Ly (—00,0)
Proof. From (31) we get that

+o00 + T T .
[ ruenp0voa =5 [ G N+ a0 6 e od-

+ T 00 ,
_;%)\(C(/\)\;/x {_>\12f1 (t,A) + )\gq()ﬁ (t, )}w(t)dt

By integrating this identity twice by parts method and using (17) we obtain that

/_OO Ria,t ) p (1) (1) dit —wsj’) +A12/_oo R(z,t,\) g (£) dt

where
g(x) = —¢" (2) +q(2) 9 () € Lz (00, 0)

It’s easy to prove that if the conditions of the lemma satisfies, then when || — oo

| r@ansmvma=-"3 1 0(5) (33)

Lemma is proved. O
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Integrating both hand sides of (32) along the circle |[A\| = R and passing to the limit as
R — oo we get

o1 >
Y (r) =— lim — /|)\:R 2)\d/\/ R(x,t,\)p(t) (t)dt

R—00 271 — 00

The function [%_ R (z,t,\)p(t) (t)dt is analytigal inside the contour with respect to A
excepting the points A= A,, n € N, A = :I:A—2"7 A= :I:ZAT".

Let Fa“ (Fa) denote the contour formed by the segments [O, % — 5] R [% -9, AT” + 5]
([0, —% — ] s [—% — ,—% + 5]) and the semicircles of the radius § with centers at the
points % (—%) located in the upper (lower) half-plane and Fj (Fz_) i = 1,2,3 denote the

contour formed by rotating Fj (F;) by angle %r 1=1,2,3. Then

1 +o00
v =5 [ 2 [ IR t0) — R ()] p (06 (0 -

1T Fa

1 +00
L[ aaan / (Rax (2,4, \) — Rus (£, \)] p (£) 0 () di—

20m ry —0
1 Foo
~ 5 2)\d)\/ [Ra2 (7,8, A) — Ra1 (z,t,\)] p(t) o (t) dt—
ry —00

1 teo
i [ 2N [ R (@t 0) — Raa (6 N ()6 (1) ek
ry —00
+ Res R (x,t,\) + Res Ry (x,t,\) + Res Ry (z,t,\) +
= i i

-

Res Ry (x,t,\)+

A 2

+i Res (2)\ /+OO R(z,t,\)p(t)y (t)>

n=1 o0

A=an
Let’s calculate every term separately:

+ +

+ (1 +
Riz (z,t,\) — Ry (z,t,\) = f12>(\d (A;)fb Ef\,)/\)

Ray (2,8, A) — Ra1 (2,1, A) = f1_2§ii ?))\)fg Ei’)/\)

The residues of the resolvents Ry (z,t,A), Ri2 (x,t,\),Ro1 (z,t,\) and Raa (z,t,\) at A =
%, A= MT”, A= —A—Q”, A= —“\T” respectively are equal to the limits which we calculated in (27)

— (30). Then for any function ¢ (x) € Lg (—00,00,p (z)) we have the following eigenfunction
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expansion:

+oo
0= [ amem™ [ B @00

—0o0

1 1 " too \) £ (£ d
o | ey / Fa (@A) £ (62 p (1) () dt

27 oo

+oo
s | coyp L, @V enp0e@
+oo
o | Ay [ TN e v e (34

2 Ay Ay 2 _ A\ L, Ay
'A nnf1 (x 2> < 72) + mvnnfg <377 Z2> fs (t, 12>
A, 2 A, A,
(l‘a ) <t7_2> + mvnnf; (IE?_Z2> f2+ <t7_22>

1Res 2)\f+oo (z,t,\) p ()w(t))‘

A=An

5 Inverse problem

From (27) — (30) it follows that the kernels of the resolvent Riy (z,t, A), Raa (x,t,\), Ro1 (z,t, \)
and Rjs (x,t, \) admits meromorphic continuations in clockwise direction to the next quadrant

and may have poles at the points iA—Q", iig" ,n € N outside of S;. Here

k k1
Sk:{27r<arg)\<(—|_2)7r},k:(),l,2,3.

The poles of the resolvent are called quasi — stationary states of the operator L. In spec-
tral expansion (34) the numbers V,,,,, n € N, play as a part of normalizing corresponding to
quasieigenfunctions of the operator L. So we can formulate the inverse problem about the
reconstruction of the potential of the equation (7).

From Theorem 1 it is easy to see that the functions fljE (z,\) are not defined at the points

A"L
F5--
The following limit
> 0, A¢M
Ai%(“)fl( N = {fét(x), A=AnneN (35)

exists and is uniform in X. Here the symbol lim means the limit is non - tangent direction
when A tends to \* = {42, %42} in such a way that +§ < arg (A — )\*) < m — ¢ for arbitrary
but ﬁxed § > 0. The function ff (x) is a solution of (7) with A\ = F 2” linearly dependent on
I ( ) Consequently, there exists a complex s,, n € N such that

@) = suff (27 ) (36)

As in Simbirskii (1992) we can the following definition.
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Definition 1. The set {s,}nen is called the spectral data set of the operator L.
It follows from (36) that
—ilny iNaz — ildny 2 iNqx
Vi Ra— 1 —_— V, « 37
e 2 Z nat Sp€ 2 ( + Z A+ A Z ma€ > (37)
aa>>n meN aa>>m

and by virtue of uniqueness theorem for almost — periodic functions, we have

Vn,n = —Sn, neN

2Vm,a®"
Vn,a = —Sn Zm:m<<a®n Ap+Ap 0 a>n

Let a set of numbers {sy, }nen be given. We shall construct a potential ¢ (z) € QP (M) such
that the spectral data set of the operator L with this potential is identical with the set {sy, }nen.
In (36) comparing the formulas for these functions, we see that s,, = V,;,, therefore

A,
I @) = Vinf7 (275 (39)

Inverse problem: Given the spectral data {sy, }nen construct the potential g (z) € QP (M).
Using the results obtained above, we arrive at the following procedure for the solution of the
inverse problem:

1. Taking into account (38), calculate

N 74
Vna+n = Vnn z:l m:@—an
m=

from which all the numbers V,,,, a=1,2,..;n=1,2,...... ; n < «a are defined.
2. From recurrent formula (10), (11) find all numbers g,.

So, the inverse problem has a unique solution and the numbers V,,, o = 1,2,..;n =
1,2,...... ;n < « and g, are defined constructively by spectral data.
Thus we arrive at the following theorem.

Theorem 4. The specification of spectral data uniquely determines the potential q(x).
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